I apply recently proposed "Swampland" conjectures to eternal inflation in single-scalar field theories. Eternal inflation is a phase of infinite self-reproduction of a quasi-de Sitter universe which has been argued to be a generic consequence of cosmological inflation. The originally proposed de Sitter swampland conjectures [1, 2] were shown by Matsui and Takahashi [3] , and by Dimopoulos [4] , to be generically incompatible with eternal inflation. However, the more recently proposed "refined" swampland conjecture [5, 6] imposes a slightly weaker criterion on the scalar field potential in inflation, and is consistent with the existence of a tachyonic instability. In this paper, I show that eternal inflation is marginally consistent with the refined de Sitter swampland conjecture. Thus, if the refined conjecture is correct, the existence of a landscape-based "multiverse" in string theory is not incompatible with a self-consistent ultraviolet completion, with significant consequences for model building in string theory.
I. SINGLE-FIELD SLOW-ROLL INFLATION AND THE SWAMPLAND-DE SITTER CONJECTURES
Inflation, generally defined, consists of a period of vacuum-dominated accelerating expansion in the early universe, which eventually ceases in a period of reheating and an transition to a radiation-dominated hot Big Bang cosmology [7] [8] [9] [10] [11] [12] [13] . The vacuum dynamics can be generally modeled using one or more scalar order parameters φ such that the potential energy of the field dominates over the kinetic energy,
resulting in an equation of state p −ρ and quasi-de Sitter expansion,
with
Here a (t) is the scale factor, defined in terms of the metric ds 2 of a Friedmann-Lemaitré-Robertson-Walker (FLRW) spacetime by
and H is the Hubble parameter, The equation of motion for a scalar field φ in an expanding FLRW spacetime is
where V (φ) = δV /δφ is the variation of the potential with respect to the field. Potential domination requires that the field be slowly rolling, with
This condition can be expressed in terms of the slow roll parameter , defined as:
In the limit of a slowly rolling field, the slow roll parameter can be approximated in terms of the potential,
Accelerating expansion requires < 1, and the limit of de Sitter expansion is → 0. In this paper I consider single-field inflation in light of recently proposed swampland conjectures [1, 2] , which can be stated as inequalities on the potential for the scalar field driving inflation (the inflaton):
where M P 2.4 × 10 18 GeV is the reduced Planck mass, and c is a positive constant of order unity [1] . The conjectures state that the inequalities (10,11) must be satisfied by any low-energy effective field theory (EFT) which has a self-consistent ultraviolet (UV) completion.
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This first condition does not pose significant difficulty for single-field inflation, and corresponds observationally to a suppressed tensor/scalar ratio via the well-known Lyth Bound for single-field inflation [14] . The second condition (11), however, poses more difficulties for single-field inflation, since it is in direct in tension with the slow roll condition (9) . This tension has been explored in a number of recent works, for example Refs. [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , and applied to eternal inflation in Ref. [3] , where it was shown that eternal inflation is inconsistent with the de Sitter swampland conjectures. More recently, Refs. [5, 6] proposed a "refined" swampland conjecture which is consistent with the existence of tachyonic instabilities, which in the single-field case is
where c is a second constant of order unity. In this paper, we consider the implications of this slightly weaker constraint on eternal inflation. (See also Ref. [26] for a related conjecture, and Refs. [27] [28] [29] [30] [31] [32] for discussion of general constraints on inflation models in light of the refined conjectures.)
II. ETERNAL INFLATION AND THE SWAMPLAND CONJECTURES
In addition to the the classical evolution described in Sec. I, the inflaton will also undergo quantum fluctuations as well, which can be modeled as a Langevin equation by the addition of a stochastic noise term to the classical equation of motion Eq. (6),
where N (t, x) is a Gaussian noise function generated by the quantum fluctuations [33] . So-called eternal inflation occurs when quantum fluctuations dominate over classical field evolution, so that the field is as likely to roll up the potential as downward along the gradient. Therefore, in a statistical sense, inflation never ends: there will always be regions of the universe where the field has fluctuated upward, rather than downward, and inflation becomes a quasi-stationary, infinitely self-reproducing state of eternal inflation [33] [34] [35] [36] [37] . This competition between classical and quantum evolution can be modeled as a simple inequality (Fig. 1) . The amplitude of quantum fluctuations in the inflaton field on scales of order the Hubble length is given by
Similarly, the field variation in a Hubble time t ∼ H −1 is:
FIG. 1. Competition between classical evolution δφ Cl and quantum evolution δφQ on a scalar field potential V (φ). Eternal inflation occurs when δφQ > δφ Cl .
Therefore, a simple condition for eternal inflation can be written
It immediately follows that the fraction (16) is identical to the amplitude of the curvature perturbation for modes crossing the horizon during inflation [38] [39] [40] [41] [42] [43] [44] [45] [46] ,
Accordingly, the condition for eternal inflation is that the amplitude of the comoving curvature perturbation must exceed unity [47, 48] ,
In this limit, we have
so that the slow roll condition is automatically satisfied:
This can be stated as the simple condition that eternal inflation requires nearly de Sitter expansion. It is this requirement that is the source of inconsistency with the originally proposed de Sitter swampland conjectures (1011).
To compare the condition (16) with the swampland conjectures (10,11), re-write the condition P (k) > 1 in terms of the slow roll parameter as
where k = aH indicates that the quantum fluctuation amplitude is evaluated at horizon crossing. Eternal inflation therefore requires
using the slow roll condition (9) . However, to avoid uncontrolled quantum-gravitational corrections, the Hubble parameter H must be small relative to the Planck scale,
This results in an inequality,
This is a general condition for eternal inflation driven by a single canonical scalar field. This condition is immediately seen to be in strong tension with the conjecture (11),
This is the result of Matsui and Takahashi [3] . More recently, Dimopoulos considered the possibility of eternal inflation on steep potentials for non-slow roll solutions, with the field reaching a turning point withφ = 0, and concluded that such solutions were likewise incompatible with the de Sitter swampland conjectures [4] . The more recently proposed "refined" swampland conjecture weakens this constraint by allowing for quasi-de Sitter expansion driven by a tachyonic instability with V /V 0, as long as the potential satisfies
with c ∼ O (1). In the case of single-field inflation, this corresponds to "hilltop"-type models [21, 25, [50] [51] [52] [53] [54] [55] , which were considered in light of the swampland criteria in Refs. [17, 21] . Consistency constraints for eternal inflation in hilltop models were considered in Ref. [56] : here I summarize the results and apply them to the refined swampland constraint (12) . Consider a potential with a tachyonic instability, such that V (φ = 0) = 0 and V (φ = 0) < 0, which takes the general form in the limit φ → 0 of [57] 
We then have
which is in tension with the swampland conjecture (11), but is consistent with the refined conjecture (12) . Eternal inflation occurs when P (k) > 1, where
so that eternal inflation occurs for a field range φ < ∆ ∼ φ EI , given by
This is consistent with the swampland conjecture (10) as long as H M P . From Eqs. (3,27) with φ µ,
so that
However, the existence of the tachyonic instability in the hilltop case introduces an additional condition for eternal inflation. The expectation value for quantum fluctuations of the field is just the expansion rate,
Due to the presence of a tachyonic instability, the quantum-dominated inflation phase then has finite lifetime. Approximating the field fluctuations as a random walk, the average lifetime t of the inflating state will be given by [33] 
The probability of inflation ending after time t can then be estimated as [56] Γ
However, during time t, an initial Hubble patch of initial volume V (0) will increase in volume exponentially,
so the number of Hubble patches undergoing inflation at time t is
If the exponent is positive, spacetime expansion dominates over the quantum fluctuations. If the exponent is negative, inflation is exponentially quenched. We then have a condition for the consistency of eternal inflation on the hilltop such that expansion dominates over instability,
or from Eq. (33),
Applying this to the condition (32) for eternal inflation on the hilltop results in the constraint
or, from Eq. (27),
Thus we see that a period of eternal inflation near the maximum of a potential with a tachyonic instability is in general at least marginally consistent with the refined de Sitter swampland conjecture (12) . This is the main result of this paper. Note that this is equivalent to a constraint on the second slow roll parameter
Therefore, models which satisfy the refined swampland conjecture (12) will automatically be in strong tension with constraints from data [17] , since for 1, the scalar spectral index is given by
However, this tension with data is not sufficient to rule out an early period of eternal inflation, since perturbations could be generated by a later phase of (for example) Warm Inflation [18, 23, 58] , or inflation involving generation of perturbations by an additional field [16] , while still being consistent with an eternally inflating multiverse.
III. CONCLUSIONS
I have considered eternal inflation in light of the refined de Sitter swampland conjecture [5, 6] , which states that a scalar field potential associated with a self-consistent UV-complete effective field theory must satisfy one of the two conditions
where c and c are constants of order unity. This is a slightly weaker condition than the original proposal [1, 2] , which was shown by Matsui and Takahashi to be generically incompatible with eternal inflation in slow roll [3] , and by Dimopoulos in the case of non-slow roll solutions [4] . In particular, the refined conjecture permits inflation in hilltop-type models, characterized by a tachyonic instability. General conditions for the existence of a phase of eternal inflation in hilltop inflation models were derived by Barenboim, Park, and WHK in Ref. [56] , which results in a bound on the second derivative of the potential of
Therefore, eternal inflation is marginally consistent with the refined de Sitter swampland conjecture: If the conjecture (12) holds, an eternally inflating multiverse lies in the string landscape, not the swampland, with significant consequences for model building in string theory [28, 59] .
